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We study the problem of disorder-free metals in the vicinity of a quantum critical point in d = 3+1
dimensions. We begin with perturbation theory in the ‘Yukawa’ coupling between the electrons and
undamped bosons (order parameter fluctuations) and show that the perturbation expansion breaks
down below energy scales where the bosons get substantially Landau damped. Above this scale
however, we find a regime in which low-energy fermions obtain an imaginary self-energy that varies
linearly with frequency, realizing the ‘marginal Fermi liquid’ phenomenology1. We discuss a large N
theory in which the marginal Fermi liquid behavior is enhanced while the role of Landau damping
is suppressed, and show that quasiparticles obtain a decay rate parametrically larger than their
energy.
I. INTRODUCTION
Some of the most challenging open issues in condensed
matter physics involve continuous quantum phase tran-
sitions in metals. In the vicinity of these transitions, the
fluctuations of order parameter fields can drastically al-
ter the properties of the electrons in the metal. Indeed,
experimental measurements of thermodyamic and trans-
port quantities in such systems often mark a departure
from the conventional Landau Fermi liquid behavior2,3.
The focus of this paper will be on an imporant class of
quantum phase transitions in metals known as Pomer-
anchuk instabilities, which involves order parameters
that preserve lattice translation symmetry. Examples
include transitions to phases with ferromagnetism and
nematic order. In the case of a continuous Pomeranchuk
transition, the order parameter field condenses as zero
momentum and its fluctuations couple to fermions ev-
erywhere on the Fermi surface. There is growing exper-
imental evidence suggesting that such transitions occur
in several families of highly correlated materials4.
The standard paradigm for understanding zero tem-
perature phase transitions in metals was introduced by
Hertz5 and Millis6. Their approach involves integrating
out all fermionic modes, even those that lie on the Fermi
surface. The effective theory, involving only the bosonic
order parameter fields, is then analyzed using the renor-
malization group. In metals, this procedure is dangerous:
integrating out gapless fermion modes will produce non-
local, and even singular interactions among the bosons7.
A more systematic approach would be to keep both the
bosons and the fermions in the low energy effective the-
ory, which one obtains by integrating out only high en-
ergy excitations. However, due to the vastly different
kinematic structure of the fermions and bosons in dimen-
sion greater than one - the low energy fermions comprise
a surface, whereas the low energy bosons are in the vicin-
ity of a point in momentum space - there are difficulties
involved in constructing such an effective theory.
A commonly adopted view has been that the anoma-
lous power laws present in non-Fermi liquids cannot be
understood without a controlled theory of the deep in-
frared behavior of the boson-fermion theory8–13. How-
ever, at finite temperature or frequency scales, a metal
in the vicinity of a quantum critical point exhibits
crossovers, not transitions, from Fermi liquid to non-
Fermi liquid scaling behavior. There is the chance, there-
fore, that starting from a weakly-coupled metal, one
can understand the intermediate asymptotic behavior by
treating the coupling between the fermions and bosons ei-
ther perturbatively or in various large N limits. Clearly,
theories of this sort will break down below a certain en-
ergy scale reflecting the non-analyticities associated ei-
ther with the quantum critical point itself, or perhaps
more interestingly, with instabilities that preclude the
observation of a ‘naked’ quantum critical point. These
energy scales can be made arbitrarily low in the theo-
ries to be discussed below. Above such scales, there are
no complications associated with either a perturbative or
large N description of the non-Fermi liquid scaling laws
of the metal.
We carry out this procedure in d = 3 + 1 dimensions,
where the coupling between electrons and order param-
eter fluctuations is dimensionless. We find a wide range
of energy scales where the electrons obtain an imaginary
self-energy that varies linearly with frequency, signify-
ing ‘marginal Fermi liquid’ behavior1. In d = 3 + 1,
one also obtains marginal Fermi liquid behavior from
RPA theories starting with Landau damped bosons in
the bare action14–16. By contrast, here, we stress that
the marginal Fermi liquid arises in systematic perturba-
tive or large N theories involving undamped bosons, with
quite different dynamic and thermodynamic properties.
Our calculation is carried out in the limit where the bo-
son bandwidth is considerably smaller than the fermion
bandwidth. In microscopic derivations of quantum crit-
ical behavior based on single-band theories, the boson
and fermion bandwidths are typically comparable to one
another. However, in multi-band systems, such as the
heavy fermion systems, the bandwidth associated with
order parameter fluctuations can be small compared to
the Fermi energy.
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II. EFFECTIVE ACTION
Let ψσ denote a fermion field with spin σ =↑, ↓, and
φ be a real scalar boson field corresponding to the order
parameter. The low energy effective action consists of
decoupled actions for the fermion and boson fields, and
a Yukawa coupling between fermions and bosons:
S =
∫
dt
∫
dd−1x L = Sψ + Sφ + Sψ−φ
Lψ = ψ¯σ [i∂t − (−i∇)]ψσ + λψψ¯σψ¯σ′ψσ′ψσ
Lφ = 1
2
(∂tφ)
2 − c
2
2
(
~∇φ
)2
− 1
2
m2Bφ
2 − λφ
4!
φ4
Sψ−φ =
∫
dd−1kdω
(2pi)d
gσσ′(k, q)ψ¯k+q,σψk,σ′φq (1)
where repeated spin indices are summed. In the second
line above, Lψ describes a Landau Fermi liquid, with dis-
persion (k) relative to the Fermi level, and with weak,
short-range repulsive interactions λψ. We will consider a
quadratic dispersion of the form (k) = (k2 − k2F )/2mF ,
where mF is the fermion band mass. Lφ describes an in-
teracting scalar Bose field with mass mB (physically, the
mass mB corresponds to the inverse correlation length
and vanishes at the quantum critical point) and velocity
c.
The Yukawa coupling between the fermions and bosons
in the last line of Eq. 1 is most naturally written in
momentum-space. The quantity g(k, q) is a coupling
function that depends in general on both the fermion
momentum k and the momentum transfer q. In the low
energy limit, it has a Taylor expansion of the form
g(k, q) = g0(kF , 0) + g1k + g2q + · · · (2)
where we have suppreseed spin indices here for clarity.
The first term above, g0(kF , 0), corresponds to scattering
of fermions near the Fermi surface by bosons imparting
nearly zero momentum transfer. However, the function
can have non-trivial kF dependence: i.e. the scattering
process can vary with the solid angle along the Fermi
surface. In a rotationally-invariant system, this coupling
can be labelled by the angular momentum obtained by
integrating over the solid-angle. Each angular momen-
tum component corresponds to a distinct broken sym-
metry and couples to a distinct order parameter field;
therefore, generically, only one angular momentum com-
ponent of the Yukawa coupling, which labels the type
of Pomeranchuk instability, needs to be retained in the
theory. For instance, the angular momentum zero cor-
responds to a ferromagnetic instability whereas angular
momentum two corresponds to a nematic transition.
The spin-dependence of the Yukawa coupling also is
determined by the nature of the Pomeranchuk transi-
tion. As is well known, Pomeranchuk instabilities occur
in spin-symmetric and antisymmetric channels (the latter
spontaneously break spin-rotation and time-reversal in-
variance). In the case of a spin-symmetric Pomeranchuk
instability, the Yukawa coupling function gσσ′ ∝ δσσ′
whereas for Pomeranchuk instabilities that are antisym-
metric in spins, φ corresponds to a vector order param-
eter and gσσ′ is proportional to a Pauli matrix. In all
cases, the Yukawa coupling function respects a symme-
try under which both φ and the fermion bilinear that
couples to φ change sign.
In what follows, we shall consider the angular momen-
tum zero component (and refer to it as a constant g);
this would correspond to a ferromagnetic quantum criti-
cal point. We have checked, however, that our main con-
clusions for the power laws associated with the fermion
and boson self-energies do not depend on the particular
angular momentum channel. The second and third terms
in Eq. 2 allow for the dependence on the magnitude of
the fermion momenta as well as the magnitude of the
momentum transfer imparted by the boson respectively;
they are both formally irrelevant under power counting
and we shall ignore them.
We make a final comment before proceeding. In d =
3 + 1 certain Pomeranchuk transitions are guaranteed
to be first order due to the presence of cubic invariants.
Examples include the Ising nematic transition, where the
Yukawa coupling has angular momentum ` = 2 and cou-
ples to the fermion quadrupole density. However, when
the Yukawa coupling involves the spin of the fermions,
such cubic invariants are forbidden by time-reversal in-
variance. Moreover, even the Ising nematic theory can be
continuous, if we imagine that the Fermi surface is not
perfectly spherically symmetric, but instead has a slight
amount of eccentricity. For even an arbitrarily small ec-
centricity, cubic invariants are forbidden and the Ising
nematic theory can be continuous. Moreover, the slight
eccentricities hardly affect the analysis in what follows.
Therefore, we shall assume that cubic invariants are for-
bidden and that the theories to be considered remain
continuous17. With these caveats dispelled, we now pro-
ceed with the main line of analysis.
III. DISCUSSION OF VARIOUS ASYMPTOTIC
REGIMES
A. Perturbation theory
In this section, we begin with perturbation theory in
the Yukawa coupling g. We follow a standard procedure
in obtaining a perturbation expansion in g in terms of
one-particle irreducible (1PI) diagrams. Such a pertur-
bation expansion will cease to converge below a certain
energy scale as is true even for ordinary Fermi liquids;
to uncover the scale where perturbation theory breaks
down, we consider a cutoff ΛIR on the energy of the ex-
ternal lines of each diagram. When the resulting pertur-
bative corrections are smooth in ΛIR, the cutoff can be
set to zero. However, when the corrections behave in a
singular or non-analytic fashion in the cutoff, they sig-
nify the development of new physics, where the feedback
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between the bosons and fermions begins to alter the low
energy behavior of the system. As we discuss, the highest
energy scale where non-perturbative corrections begin to
dominate will be set by the scale at which the bosons get
Landau damped.
The three leading one-loop Feynman diagrams are
shown in Fig. 1. The first corresponds to the boson
self-energy and has several effects. Firstly, it generates
smooth O(g2) corrections to the boson mass and veloc-
ity which are negligible in the small g limit, and in which
ΛIR can be set to zero. More importantly, it generates a
non-analytic self-energy correction to the boson action,
representing the overdamping of the boson from fermions
near the Fermi surface. We ignore perturbative correc-
tions to c and mB and focus on the Landau damping
term:
Π(q, q0) = ig
2m
2
F
2pi
q0
q
(3)
This correction occurs in the limit where q → 0, q0 → 0
with fixed x ≡ q0/q, |x| < 118. In Hertz’s theory, this
correction enters the bare boson kinetic term. By con-
trast, in a perturbative treatment, the overdamping is
a correction that occurs at O(g2) and is subdominant
compared to the bare boson kinetic term. However, the
breakdown of perturbation theory from these diagrams
occurs below an energy scale where the self-energy above
is of the order of the bare inverse boson propagator:
g2
m2F
2pi
x
1
ω2Ld
= 1, ωLd ∼ gmF (4)
where we have made use of the fact that x ∼ O(1). Above
this scale, Landau damping is a negligible perturbative
correction and the theory consists of undamped bosons.
The fermion self-energy (Fig. 1(b))
Σ(p) = ig2
∫
d4k
(2pi)4
D(p− k)G(k) (5)
is evaluated in explicit detail below, where
D−1(q) = q20 − c2q2 −m2B + iδ
G−1(q) = q0 − (q) + iηsgn [(q)] (6)
are the inverses of the bare boson and fermion propa-
gators respectively, and both η, δ are positive infinitesi-
mals. In the analytic treatment that follows, we make
two approximations. First, we set the boson velocity to
be much less than the Fermi velocity, c kF /mF . In this
case, the effective “Debye frequency”, ωD = 2ckF  EF .
Then, the boson imparts large momentum transfers, but
low energy transfer. Secondly, we neglect the variation of
the density of states away from the Fermi energy, treat-
ing the density of states as a constant: ρ() ' ρ =
mF kF /(2pi
2). With these approximations, the measure
of the momentum integrals is approximated by19
∫
d3k
(2pi)3
' ρ
(2pi)2k2F
∫ 2kF
0
qdq
∫ ∞
−∞
d (7)
(a)
ab
a
ab
b
(b)
a b
ab
a
(c)
ab
a
a
b
ab
b
FIG. 1. The three one-loop Feynman diagrams relevant in
our analysis. a and b are flavor indices in the large N version
of the theory. These indices can be ignored in section IIIA.
where q = p − k. Under these approximations, the self-
energy
Σ(p) =
ig2
(2pi)3vF
∫ ∞
−∞
dk0
∫ 2kF
0
qdq
(p0 − k0)2 − c2q2 −m2B + iδ
∫ ∞
−∞
d
k0 − + iηsgn()
ImΣ(p) = − pi
2g2
(2pi)3vF
∫ ∞
−∞
dk0sgn(k0)
∫ 2kF
0
dqqδ
[
(p0 − k0)2 − c2q2 −m2B
]
(8)
In the first line above, the elementary integral over  resulted in −ipisgn(k0), and in the last line, we made use
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of the identity
1
a+ iη
= P
[
1
a
]
− ipiδ(a) (9)
Upon evaluating the remaining integrals, one finds
ImΣ(p0) =

0, if 0 < p0 < mB
− g28pivF c2 [p0 −mB ] , if mB < p0 <
√
m2B + ω
2
D
− g28pivF c2
[√
m2B + ω
2
D −mB
]
, if p0 >
√
m2B + ω
2
D
(10)
In particular, when the boson is tuned to criticality,
mB → 0, one finds that for frequencies p0 < ωD, the
imaginary part of the electron self-energy is a linear func-
tion of frequency:
ImΣ(p0) = − g
2
8pivF c2
p0 (11)
and for frequencies larger than ωD, the fermions obtain a
constant imaginary self-energy, as is the case for metals
coupled to optical phonons. This is the key result of
this section. From the Kramers-Kronig relations, the real
part of the electron self energy is
ReΣ(p0) =
g2
8pivF c2
p0 log
EF
p0
(12)
which suggests that the perturbation theory breakdown
due to the fermion self-energy correction occurs at an
exponentially small scale ω ∼ EF exp
[−1/g2]. Since this
is far lower than ωLd, we shall neglect its effect here.
In the limit where the boson velocity approaches zero,
the problem is reminiscent of that of metals coupled to
optical phonons. From the expression above, in the case
where mB 6= 0, c → 0 (which implies ωD = 2ckF → 0)
the imaginary part of the electron self-energy is a con-
stant for frequencies above the boson mass and zero oth-
erwise:
ImΣ(p0) = −g
2mF kF
4pimB
= −pig
2ρ
2mB
, p0 > mB , (13)
This expression was first obtained by Engelsberg and
Schrieffer in Ref. 19
The third diagram, which corresponds to the vertex
correction produces logarithmic corrections when the bo-
son imparts zero momentum transfer. These corrections
also signify a breakdown in perturbation theory at an
exponentially smaller scale than that set by the Landau
damping.
To summarize, when the metal is coupled to nearly
critical bosons in d = 3+1 and when the Yukawa coupling
between the fermions and bosons is treated in systematic
perturbation theory, one finds a non-Fermi liquid elec-
tron self-energy that is reminiscent of the marginal Fermi
liquid1. The highest energy scale at which the perturba-
tion theory breaks down is at a scale ωLd = gEF below
which the overdamping of the bosons due to the particle-
hole continuum become significant. This scale is para-
metrically small compared to EF in the weak-coupling
limit; above this scale the non-Fermi liquid self-energy
can dominate the Fermi liquid self-energy due to mo-
mentum relaxation via fermion self-interactions
ΣFL ∼ λ2ψω2. (14)
However, in perturbation theory, the decay rate of a
quasiparticle Γ ∼ g2ω will always remain small compared
to its energy E ∼ ω. In the next section, we show in the
appropriate large N limit, this is not the case and the
quasiparticle becomes ill-defined.
B. Large N theory
The perturbation theory presented above showed that
the overdamping of the boson represents the most im-
portant physical process that causes the theory to break
down. This overdamping is greatly enhanced in the usual
large N theories of metals near quantum critical points,
in which there are a large number N of fermion flavors,
while the number of bosons is kept at unity. In such a
theory, Landau damping plays the dominant role, as is
intuitively clear from the fact that there simply are far
more fermionic degrees of freedom present to damp the
boson. More formally, since the large N limit is taken
with g2N held fixed, the boson self-energy is order unity,
whereas the fermion self-energy is a correction at order
1/N . The vertex correction δg/g is also a 1/N correction
and can be neglected in this theory.
We are led to ask, therefore, whether there is an alter-
native large N description of the system in which there
are far more bosons than there are fermions. In this
case, the roles would be reversed - there would be many
more decay channels for the fermions in the presence of a
large number of bosonic variables, which would enhance
the marginal Fermi liquid behavior. Moreover, Landau
damping would be a relatively muted effect, since fewer
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FIG. 2. In the large N theory in which boson fields transform
in the adjoint representation of U(N) (see text), the leading
order electron self-energy is obtained by summing over all
planar diagrams. When boson self-interactions are absent,
only the “rainbow” diagrams above contribute to the self-
energy.
fermions are present relative to the number of bosons. A
large N theory with this structure is obtained by allowing
for N fermion flavors transforming in the fundamental
representation of U(N) while describing the boson vari-
ables as an N ×N matrix that transforms in the adjoint
representation. Specifically, we define a fermion spinor
and boson matrix fields
ψa, φab, a, b = 1, · · ·N (15)
and analyze the behavior of the system in the N →
∞, g → 0 limit with g2N ≡ g20 held fixed.
In d = 3 + 1, the boson quartic coupling λφ is danger-
ously irrelevant at the UV fixed point, where the dynamic
critical exponent of bosons is unity. This fact plays an
important role in leading to new non-Fermi liquid fixed
point below d = 3 + 120. However, in the large N limit
(taken by holding λφN fixed), the fermion self-energy is
independent of λφ. The effect of non-zero λφ on the bo-
son propagator is (i) to shift the critical point and (ii)
to produce an anomalous dimension for the boson. We
shall ignore the first, since we always tune to the phys-
ical quantum critical point; the second effect occurs as
a 1/N correction and can also be ignored in the leading
large N limit. More systematic analysis will be presented
elsewhere21.
The three one-loop diagrams that enter this theory are
again the ones in Fig. 1. The boson self-energy, Fig. 1(a)
is a 1/N correction in this theory, which can simply be
seen as follows. When the external legs are fixed with
a boson φab, flavor indices of the fermion lines are au-
tomatically specified in the internal loop. The diagram
therefore produces a Landau damping correction
Π(q, q0) = i
g20
N
m2F
2pi
q0
q
(16)
and Landau damping therefore sets in below an energy
scale ωLd = g0mF /
√
N . The vertex correction is simi-
larly suppressed, and again, δg/g ∼ 1/N in this theory.
Singularities associated with the vertex correction at zero
momentum transfer produce logarithmic corrections that
are utterly negligible in the large N limit. By contrast,
the fermion self-energy is O(1) as can be seen from the
fact that the fermion flavor index in the internal loop
can take N distinct values (Fig. 1b). Therefore at crit-
icality, mB = 0, the marginal Fermi liquid self-energy is
obtained and describes the behavior of the system for fre-
quencies greater than ωLd. Thus, in the present large N
formulation in which far more bosonic degrees of freedom
are present relative to fermionic modes, marginal Fermi
liquid behavior is enhanced and operates down to lower
energy scales, since the effects of Landau damping are
N -suppressed.
The large N action is solved for arbitrary g0 by sum-
ming over all planar diagrams22. When boson self-
interactions are negligible, the planar diagrams are “rain-
bow” diagrams for the electron self-energy (Fig. 2). The
self-energy in this limit is obtained by solving the integral
equation
Σ(p) = ig20
∫
d4k
(2pi)4
D(p− k)G(k) (17)
for Σ, where in the right-hand side above, G(k) includes
the self-energy correction. Thus, the sum over rain-
bows corresponds to an implicit integral equation for
the electron self-energy. We have solved the integral
equation above, in the absence of boson self-interactions,
λφ = 0, with the ansatz of a momentum-independent
self-energy. We have found that, with these restrictions,
the self-energy remains proportional to g20 , since higher
order rainbow graphs contain pairs of fermion propaga-
tors with the same momentum and frequency: integra-
tion over their momenta causes the contribution to vanish
by Cauchy’s theorem since both poles occur in the same
half-plane. This also occurs in large N QCD: for the very
same reason, the quark self-energy is also proportional
to g20 when self-interactions among the gauge bosons are
also neglected23. Thus, the marginal Fermi liquid form
of the electron self energy is the leading expression in the
large N limit:
Σ(p) =
g20
8pivF c2
[
p0 log
EF
p0
− ip0
]
. (18)
Since g0 is of order unity, for energy scales above the
N-suppressed ωLd ∼ g20/
√
N , a marginal Fermi liquid re-
sults in which the quasiparticle decay rate ∼ g20ω can be
parametrically larger than its energy. We also remark
that when the boson mass mB is finite, i.e. the sys-
tem is tuned away from criticality, Fermi liquid behavior
resumes at low energies. Thus the present large N the-
ory adequately describes a crossover from a Fermi liquid
regime away from criticality to a non-Fermi liquid regime
with incoherent quasiparticles as mB → 0.
IV. DISCUSSION
In this paper, we have discussed a simple theory in
which a crossover from Fermi liquid to marginal Fermi
liquid behavior occurs in the electron self-energy. The ex-
istence of a controlled perturbative regime with marginal
Fermi liquid self-energy in the simple quantum field the-
ory of a critical boson coupled to a Fermi surface opens
several attractive questions for further research.
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The perturbative description of the non-Fermi liquid
breaks down at a parametrically small energy scale ωLd.
However, both in real quantum critical metals and in
these field theories, various instabilities can arise and
condense before one reaches extremely low energies or
temperatures. It would be very interesting to study the
emergence of superconductivity directly from the non-
Fermi liquid scaling regime in this or related models.
One may also wish to find precise fixed points of
the renormalization group which could represent zero-
temperature non-Fermi liquid critical points or phases.
While straight perturbation theory of the sort used here
does not suffice to find a controlled fixed point, it is quite
plausible that a Wilsonian renormalization group treat-
ment of a similar theory, in the -expansion, could un-
cover controlled fixed points in 3 −  dimensions. This
program was carried out, with interesting results, for the
Landau damped boson coupled to a Fermi surface in Ref.
10. The adjoint large N theory described here may also
be applicable in d = 2 + 1. Recently, the prevailing large
N theories in d = 2 + 1 were shown to be ill defined even
at N = ∞ in Ref. 11. In the alternate large N the-
ory considered here, however, the scale ωLd is again sup-
pressed; therefore, the analysis of a system of undamped
bosons in the large N limit may prove to be a tractable
theory, with logarithmic quasiparticle decay rates. We
shall present the results of this analysis elsewhere.
We note also the interesting similarities and differences
between the theory described here, and some of the non-
Fermi liquids which have been discovered via the tech-
niques of holography in string theory24. There, a crucial
insight is that coupling a Fermi surface to a ‘locally crit-
ical’ quantum field theory at large N , can produce non-
Fermi liquid scalings in the self-energy of the fermion25
(with model-dependent scaling exponents depending on
the nature of the critical sector). In such models, the
ω → 0 and large N limits typically do not commute.
In our theory, in contrast, the ‘locally critical’ sector
is replaced by a conventional free boson. The marginal
Fermi liquid form emerges without tuning, but as with
the holographic theories, the description breaks down at
sufficiently low frequency (of order 1/
√
N in the large N
model).
For simplicity, we have assumed that the boson band-
width is small compared to the Fermi energy. The bo-
son is then reminiscent of an optical phonon that is
tuned towards criticality. The microscopic justification
for this assumption can be provided in a multiband sys-
tem with both localized and itinerant electronic modes;
the bosons are derived from localized electron degrees
of freedom, and strongly affect the itinerant electrons.
The marginal Fermi liquid behavior that we discuss here
would be present up to temperature scales corresponding
to the effective ‘Debye temperature’ of the boson. How-
ever above such a scale, the boson behaves effectively as
a classical oscillator, and its effect on the fermion modes
is also likely to produce deviations from ordinary Fermi
liquid behavior.
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